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Phonon-assisted tunneling between singlet states in two-electron quantum dot molecules
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We study phonon-assisted electron tunneling in semiconductor quantum dot molecules. In particular, singlet-
singlet relaxation in a two-electron-doped structure is considered. The influence of Coulomb interaction is
discussed via comparison with a single-electron system. We find that the relaxation rate reaches similar values
in the two cases but the Coulomb interaction shifts the maximum rates toward larger separations between the
dots. The difference in electron-phonon interaction between deformation potential and piezoelectric coupling is
investigated. We show that the phonon-induced tunneling between two-electron singlet states is a fast process,
taking place on the time scales of the order of a few tens of picoseconds.
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I. INTRODUCTION

Coupled quantum dots (QDs), often referred to as quan-
tum dot molecules (QDMs), have recently attracted much
attention'?> due to their potential application in various
implementations of quantum computation schemes. Specifi-
cally, there have been many proposals for employing two-
electron spin states in QDMs,>~ benefiting from long deco-
herence times of the spin.® For instance, it was suggested to
use singlet and triplet states as logical qubit states and to
perform  quantum  computation’ and  Bell-state
measurements.® Initialization, control, and readout of the
state of two confined electrons in a QDM have already been
experimentally demonstrated.> Moreover, such structures are
proposed for coherent optical manipulation of two-electron
states.>!0

Semiconductor QDMs are embedded in a solid state en-
vironment, which leads to electron interaction with the pho-
non reservoir. The presence of phonon-mediated coupling
between energy eigenstates of a QDM leads to new effects in
the physics of these structures, as compared to individual
QDs.'12 In particular, if the lowest states correspond to elec-
tron localization in two different dots, the relaxation between
these states has the character of phonon-assisted tunneling,
consisting of the transfer of an electron from one dot to the
other. Such a process results from an interplay between the
carrier-phonon coupling and tunneling coupling between the
dots, which is a desirable element of many proposals of
QDM-based quantum computing. Phonon-assisted tunneling
has been thoroughly studied in the case of QDMs doped with
a single electron.'>-'¢ Also phonon-induced triplet-singlet re-
laxation (via spin-orbit coupling) has been analyzed.'” How-
ever, to our knowledge, spin-conserving relaxation between
singlet states of a two-electron system has not been dis-
cussed.

In this paper, we analyze phonon-assisted tunneling in a
quantum dot molecule consisting of two laterally coupled
semiconductor quantum dots. A system doped with two elec-
trons is considered. We study singlet-singlet relaxation, that
is, relaxation between the two lowest states of two electrons
in a QDM corresponding to the singlet spin configuration.
For a specific GaAs QDM system, phonon-assisted relax-
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ation rates are calculated. As we will show, in the parameter
areas where the relaxation is efficient, it involves charge
transfer between the dots. Thus, it represents a phonon-
assisted tunneling process. We study how the Coulomb inter-
action in the two-electron system influences the relaxation of
electrons in comparison with the case of a QDM doped with
a single electron. It is demonstrated that the presence of one
electron strongly affects the tunneling of the other. As a re-
sult, the rates of the phonon-assisted electron tunneling for
the two doping cases (with one or two electrons) differ con-
siderably, which is especially apparent in their dependence
on the distance between the constituent QDs. We consider
electrons interacting with acoustic phonon modes via defor-
mation potential and piezoelectric couplings and show their
distinguished impact on tunneling in QDMs. It is shown that
the piezoelectric mechanism resulting from the considerable
change of charge distribution is of great importance in the
considered system, and for some ranges of QDM parameters
it is even the dominant contribution to relaxation. We show
that the phonon-assisted tunneling is strong in coupled quan-
tum dots and one should be aware of its influence when
designing quantum computation schemes in QDMs.

The paper is organized as follows. In Sec. II, we introduce
the model describing a QDM with the Coulomb interaction
and coupling to the phonon environment. Section III contains
the results on phonon-assisted tunneling rates for the two
systems under consideration. In Sec. IV, we conclude the
paper with final remarks. In the Appendix, we summarize the
theory of single-electron phonon-assisted tunneling.

II. MODEL

A. Electron states

We consider a quantum dot molecule which consists of
two laterally (in x direction) coupled quantum dots [see Fig.
1(a)]. The structure doped with two electrons is studied. The
Hamiltonian of the electron subsystem is given by

ﬁZ

2m*

H,=——(V2+V;) + U(r,) + U(r,) + V(r,r,), (1)
where m*=0.07m, is the effective mass of an electron in
GaAs. U(r,,;) is the confinement potential for two electrons
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referred to as “a” and “b,” respectively, and
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FIG. 1. (a) Schematic plot of a laterally coupled double quantum
dot. (b) Lateral confinement potential describing the double-QD
structure.
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V(r,,r,) =

is the Coulomb interaction between the electrons. Here, e
denotes electron charge, g is the vacuum dielectric constant,
and &, is the static relative dielectric constant.

We assume a separable confinement potential

Ur)=U()+Uy)+U(x) = %m*wfzz + %m*w_%yz +U(x),
(2)

where U(z) is the potential in the growth direction and U(y)
is the lateral confinement potential. The potential describing
the double quantum dot structure is U(x) and has two
minima, defining the two QDs. We choose it in the form

_ 2
Ulx)=-U, exp{—%(x d/2> ]—(U0+AU)
[ 1<x+d/2>2]
Xexp| — = . 3)
2 a

This model potential has the advantage that it is smooth and
allows one to independently control the distance between the
dots d and the depths of both potential wells, U, and U,
+AU. The difference between the depths of the two constitu-
ent dots, AU, is referred to as the offset.

The dynamics in the growth and lateral y directions is
restricted to the respective ground states, which are described
by Gaussian wave functions

1 7 )
= T/ - 5> 4
&(2) \WTCXP( 2 (4)
1 2
#0)= = l\’,;exp(— %) . (5)

Here, h denotes the electron wave function width in the
growth direction z, while [ is the width in the lateral direction
y. The restriction to the ground states is a reasonable assump-
tion in the considered confinement conditions, since the en-
ergy separation from the next eigenstates has typical values
larger that 10 meV so that these states do not contribute to
the studied dynamics. The complete wave function of a
single electron can be written in a product form
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D,,(r) = ¢,(x) o(y) $(2) (6)

where ,(x) is the nth lowest state of electron in a QDM
obtained, together with its eigenenergies, from the numerical
solution of Schrodinger equation. The two lowest single-
particle eigenstates are described by the wave functions
@y (r) and D,(r) with the corresponding energies €, and €.

In order to analyze the relaxation mechanisms for a sys-
tem doped with two electrons, we construct two-particle
spin-singlet states

1 .
IRL) = —E(a(’”ah + aJ{TaSL)|VaC), (7)
\‘J

[RR) = agTanac). (8)

Here, aj;(,, creates an electron in the Oth (Ist) lowest
single-particle state with spin up (spin down), and |vac) de-
notes an empty quantum dot system. The corresponding spa-
tially symmetric wave functions are

Dy(r,)P(r,) + D (r,)Py(r,)

Wgi(r,r,) = \E 9)
Wirr(r,.r,) = Pp(r,)Po(r,). (10)

For the considered two-electron system, we include the
Coulomb interaction between electrons and solve the secular
equation in the subspace spanned by the states |RL) and
[RR), with the projected Hamiltonian
—_ €+ €tV Vo1
H ( b

U1 2€0+U|]

where the Coulomb matrix elements are

Voo = VOJ d%%{Re[ﬁ)O(k)]:”(k)] +|For k)],

Iy a "

Vo1 = \r’2VQf dBkERe[JIBO(k)fOI(k)], (11)
3. 4 2
011=V0fdkp|}—oo(k) , (12)
with
&2
V=
0 8meye

The single-particle form factors are defined as
F (k) = f Ird;(r)e™ ®,,(r) (13)

and for our choice of Gaussian wave functions in the y and z
directions are

212 272
K ﬂ) f A (e ().

‘/Tnm(k) = eXp(— 4 4

(14)
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The resulting eigenstates of the interacting system are la-
beled as |0) and |1) and the corresponding wave functions
can be written in the form

a L«
V,= cosE\IfRL + s1n5‘I’RR,

e a
WV, =—sin—Wyq + cos—Wgg,
2 2
where
Vo1 )
b
€ — €+ V11— Voo

a= arctan(

and the energies are E, and E|, respectively. The splitting
between the two-electron energies is

AE=|E| - Ey|= \'/(Eo— €+ 011 — Vo) +4vy,.

B. Carrier-phonon coupling

In the considered QDM system, carriers not only interact
with each other, but are also coupled to phonons.
The free phonon Hamiltonian is

th = E ﬁws,kbj,kbs,k’
s,k

where bz’k and by, denote phonon creation and annihilation
operators, respectively. The corresponding frequencies are
w, ., where s labels different phonon branches and k is the
phonon wave vector.

The interaction of the electrons with the phonon reservoir
is described by the Hamiltonian

Him = 2 al—,gam,(rz Fs,nm(k) (bx,k + b;r,_k) 5 (15)

nm,o s,k

where F| (k) are the single-particle coupling constants [see
Egs. (A1) and (A2) in the Appendix], which have the sym-
metry Fs’nnr(k)=Fin,n(—k), and o denotes the spin orienta-
tion.

We consider the electron relaxation in the double-QD
structure, which is a real transition on a picosecond time
scale; therefore it can be treated within the Fermi golden rule
approach. The coupling between the two considered singlet
states in a two-electron configuration, resulting from the
carrier-phonon interaction Hamiltonian [Eq. (15)] is

Hip = [0X1] X G,(k) (byy + b)) + Hee.,
s,k

where G (k) are the two-electron coupling constants (given
below).

The energy difference between the electron states is con-
siderably smaller than the energy of longitudinal optical
phonons (LO), which is 36 meV in GaAs, thus they will not
contribute to the relaxation mechanisms. Therefore, we con-
sider interaction only with the relevant acoustic phonons via
the deformation potential and the piezoelectric coupling.

Using the carrier-phonon coupling constant for the defor-
mation potential interaction [Eq. (A1)], one finds the effec-
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tive coupling between the two-electron states

fk
GP(k) =4/ mDeQ(k),

where p is the crystal density, V is the normalization volume
of the phonon modes, ¢ is the longitudinal speed of sound,
and D, is the deformation potential constant for electrons.
The geometrical properties of the wave functions are re-
flected in the form factor G(k), which has the form

g(k) = f d3raf dSrh\I,?;(rwrb)(eikra + eikrh)\ljl(rmrh) .

(16)

It can be written by means of the single-particle form factors
defined by Eq. (13) as

1 —
g(k) = Esin Ct’[]:()()(k) - j:ll(k)] + \*’2 COS 0(.7:01(’()

k2h2 2[2 _
=eXP(— Z4 ——T)Q(kx)- (17)

The two-particle coupling elements for the piezoelectric
interaction are

h_dpe
2pVesk gge,

G (k) =—i M (k)G (k). (18)

where ¢, is the speed of sound (longitudinal ¢; or transverse
¢,, depending on the phonon branch) and dp is the piezoelec-

tric constant. The function Ms(I:t) does not depend on the
value of the phonon wave vector, but only on its orientation.
For a zinc-blende structure, it reads

M (k) = k(8,40 k. + (8,40 e, ] + ky[(6,0 K, + (8,50,k:]

+ kz[(éx,k)xky + (és,k)ykx] > (19)
where & is the unit polarization vector for the phonon wave

vector k and polarization s, and k=k/k. We choose the fol-
lowing phonon polarization vectors

é1x =k =(cos 6,sin 6 cos @,sin @ sin @),
é,4=1(0,sin @,—cos ¢),

épx = (—sin 6,cos 6 cos @,cos #sin @), (20)

for which the functions Ms(l:t) read

.3
M,(k)= Esin 0 sin(26)sin(2¢),

M,l(lé) =—sin(26)cos(2¢),

M (k) =sin 6(3 cos® 6— 1)sin(2¢). (21)

The properties of the phonon environment are represented
by phonon spectral density
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R) = 2311(0) + 112 |G, 0[50~ 0, + oo+ )],
s,k

(22)

where n(w) is the Bose distribution function. The deforma-
tion potential contribution is

RP(w) = RODPw3|n(w) +1|
2 T
X f dgoJ sin 0 d6|G(w cos blc))|?
0 0

2
W .2 2 2 2
><exp{—2 5sin” 6(1” cos” ¢ + h” sin” @) |,

€
(23)
where
2
DP — De
0 167 hpc;

The piezoelectric term is
2m T
R™(w) =Rg§w|n(w) + 1|f dqof sin 6d6
0 0
X M (k(g, 0)|G(w cos brc,)

2

w

Xexp{— Fsin2 0(1% cos® ¢ + h? sin’ (p)},
N

where
22
RPE _ de
0 167 hpcsde?

Note that the coupling constants for deformation potential
and piezoelectric channels have different parity (as functions
of k) so that these two transition channels do not interfere.

In order to study phonon-assisted relaxation, we employ
the Fermi golden rule and obtain the relaxation rate

w=27TR<Aﬁ—E), (24)

which is proportional to the phonon spectral density at the
frequency corresponding to the splitting energy AE.

The material parameters (corresponding to GaAs quantum
dots) and parameters of the QDM system are given in Table
I. Moreover, details concerning relaxation in a single-
electron QDM system, which will be used for comparison,
are presented in Appendix.

III. RESULTS: TUNNELING RATES

In this section, the results for phonon-assisted transitions
in a double quantum dot are presented. We consider a QDM
doped with two electrons and the singlet-singlet relaxation
channel. In order to investigate how the Coulomb interaction
influences the relaxation processes, the results are compared
to those for a single-electron case, calculated in a way simi-
lar to Refs. 13-16 (see the Appendix). The quantitative re-
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TABLE 1. The GaAs material parameters and QDM system
parameters.

Deformation potential for electrons D, -8.0 eV
Density p 5360 kg/m?
Longitudinal sound speed e 5150 m/s
Transverse sound speed ¢ 2800 m/s
Static dielectric constant €, 13.2
Piezoelectric constant dp 0.16 C/m?
Confinement depth U, 30 meV
Wave-function width in:

z direction h 4.0 nm

y direction 10.0 nm

x direction a 10.0 nm

sults are obtained at temperature 7=0 K for GaAs quantum
dots with the sizes k=4 nm and /=¢=10 nm in growth and
lateral directions, respectively.

The probability of phonon-assisted electron transitions
[Eq. (24)] is proportional to the spectral density of the pho-
non reservoir at the frequency corresponding to the energy
splitting AE. Therefore, the transition rate will be high when
this energy lies in the frequency range of maximal values of
the phonon spectral density. In order to see which parameter
range is favorable for relaxation, we first study the energy
splittings and phonon spectral densities for the two consid-
ered doping cases.

In Fig. 2(a), we plotted the energy splitting for a single
electron in a QDM as a function of the confinement depth
offset AU for Uy=30 meV and a few values of the distance
d between the QDs. The minimum value occurs always when
the QDs are the same and, in general, is smaller for larger
distances between dots, where they do not influence each
other. In the case of two electrons in a QDM [Fig. 2(b)], the
splitting energies have a slightly more complicated behavior.
Now, the minimum value is shifted due to interplay between
the on-site (single-particle) potential and the Coulomb inter-
action, which also depends on the distance between QDs.
The splitting energies are larger since they describe two-
particle states affected by the Coulomb coupling. While for
one electron, the energies are symmetric with respect to the

T R
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FIG. 2. (a) Splitting energy as a function of the QDs offset for a
single electron in a QDM for different distances d between QDs. (b)
As in (a) but for two electrons in a QDM.
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FIG. 3. (a) Total spectral density of the phonon reservoir for one
electron in a QDM for AU=0 meV and different distances d be-
tween the QDs. (b) As in (a) but for two electrons and AU
=11 meV.

resonance point (minimum splitting), in the two-electron
case this symmetry is lost except for very large separations.

Since the wave functions obviously depend on the con-
finement offset AU, so do the coupling constants and, in
consequence, the phonon spectral densities. In order to gain
some information on their general shape, we study the spec-
tral densities for the values of the offset which correspond to
the minimal values of energy splitting. In Fig. 3(a), the pho-
non spectral density for a single electron [see Egs. (A3) and
(A4) in the Appendix] is plotted for the offset AU=0 meV.
In general, the values of phonon spectral densities depend on
the overlap between the wave functions and thus are large for
small distances d between the QDs. The function has its
maximum for =04 meV and a cutoff at w=2.5 meV.
One can expect high rates for energy splittings from 0.1 to 1
meV, especially for small distances d. From Fig. 2(a) it is
clear that for closely spaced QDs, the energy splitting is
larger than 2 meV and lies almost beyond the cutoff of the
phonon density, which will result in lower transition rates.
For larger distances the splitting is smaller, but also the am-
plitude of the spectral density is smaller. The interplay of
phonon density and splitting energies will be reflected in
nontrivial dependence of relaxation rates on the distance be-
tween the QDs.

For a two-electron QDM, the phonon spectral density has,
in general, smaller values [Fig. 3(b)], since the overlap be-
tween corresponding two-electron wave functions is smaller.
In this case, the cutoff energy (w=3 meV), as well as the
energy splitting, is larger. One can see that phonon-assisted
transitions in both systems will be large for energy splittings
smaller than 3 meV and will strongly depend on the distance
d.

The electron-phonon interaction via both deformation po-
tential, as well as piezoelectric coupling, is considered next.
In order to see which interaction has a stronger influence, in
Figs. 4(a) and 4(b) we present the total spectral density of the
phonon environment together with the two contributions for
a fixed distance d=38 nm. It is clear that piezoelectric cou-
pling in double quantum dot structures is of great importance
in contrast to optical processes in single QD structures,
where this interaction can in many cases be neglected.'3-20
This results from the fact that electron relaxation induces a
large change of charge redistribution, especially when it in-

FIG. 4. (a) Total phonon spectral density with the contributions
resulting from deformation potential and piezoelectric couplings for
one electron in a QDM for AU=0 meV and d=38 nm. (b) As in
(a) but for two electrons and AU=11 meV.

volves tunneling to the other dot. Since in a single electron,
as well as in a two-electron system, the two phonon contri-
butions may cover different frequency sectors, they will also
play a role in the transition rates in distinct parameter areas.

We start the discussion of phonon-assisted relaxation from
the deformation potential contribution. For a one-electron
QDM [Fig. 5(a)], the rates are symmetric with respect to the
offset of the quantum dots AU. This results from the sym-
metric behavior of the splitting energies AE. When the QDs
are close to each other, d <28 nm, the rate is low, since the
energy difference between the two lowest electron states is
much larger than the acoustic phonon energies. Thus one-
phonon transitions are impossible. For distances d from 28 to
38 nm, the relaxation rate is high. It corresponds to the situ-
ation when the energy splittings are comparable to the pho-
non energies. The transition rate reaches its maximum value
of 30 ns~! for d=32 nm. Here, the relaxation conditions are
most favorable, since the distance between the QDs is large
enough for the splitting energy to coincide with the maxi-
mum value of the phonon spectral density. For large dis-
tances, d =38 nm, the rate vanishes in spite of small split-
ting energies, since the overlap between the electron wave
functions tends to zero and, in consequence, the spectral den-
sity vanishes. The transition rates are also small for large

w (ns'l)

10 15 20 25 30 35
48 T T T T T T T T

~40 1 -

s -

28 1t 1

10 11 12
AU (meV)

4 2 0 2 4 9 13

AU (meV)

FIG. 5. (Color online) (a) Electron relaxation rate assisted by
phonons via deformation potential coupling for a single electron in
a QDM as a function of QDs offset and distance d. (b) As in (a) but
for two electrons.
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FIG. 6. (Color online) (a) Electron relaxation rate assisted by
phonons via piezoelectric coupling for a single electron in a QDM
as a function of QD confinement offset AU and distance d. (b) As in
(a) but for two electrons.

offsets, |[AU|=3 meV, since it leads to large energy gap
between the levels.

For a two-electron QDM [Fig. 5(b)], the maximum of the
relaxation rate shifts with growing distance toward larger
confinement offsets, which was already visible in the split-
ting energies. Larger distances d between the QDs are
needed for efficient relaxation, which is an evidence of the
Coulomb interaction between two electrons, leading to an
increase in the splitting energies. In general, the maximum
magnitude of the relaxation rates is comparable to that for a
single electron but the parameter range in which their values
are maximal is shifted due to the electron-electron interac-
tion.

In the case of piezoelectric coupling [Figs. 6(a) and 6(b)],
the relaxation rate has relatively large values in a smaller
range of QD offsets. This is a result of a different form of
corresponding spectral density, which, in general, is narrower
than for the deformation potential. Therefore, smaller split-
ting energies are more favorable. For the same reason, it is
shifted toward larger distances d. The relaxation rate reaches
the values of 30 ns™', which is as large as that for deforma-
tion potential. This maximum appears at the distance d
~36 nm for a single electron and d=~39 nm for a double
electron QDM.

The total phonon-induced relaxation rate, including both
deformation potential, as well as piezoelectric contributions,
is shown in Figs. 7(a) and 7(b) as a function of QD offset AU
and separation d. For a single-electron system, the rate is
high for offsets between AU=-3 and AU=3 meV and for
distances from d=28 to d=42 nm, and reaches its maximal
value of 35 ns™! for identical QDs separated by the distance
of d=34 nm. In case of the QDM doped with two electrons,
the relaxation mechanism is strong for offsets between AU
~9 and AU=~13 meV and distances from d~30 to d
~44 nm. Its maximum value also reaches 35 ns~! for AU
~11.5 meV and d=36 nm.

To understand the nature of the relaxation process in the
two-electron case, in Fig. 8, we plot the difference between
the average numbers of electrons in the left quantum dot in
the two-electron singlet states. One can see that in the area of
efficient relaxation (cf. Fig. 7), the average electron number
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FIG. 7. (Color online) (a) Relaxation rate for all phonon modes
and one electron in a QDM. (b) As in (a) but for two electrons.

changes in most cases almost by one. This shows that the
relaxation in the two-electron case is associated with a con-
siderable charge transfer and, therefore, can be interpreted as
a phonon-assisted tunneling process.

For a single electron, the energy eigenstates follow a uni-
versal model of level anticrossing, with the energy splitting
AE=(AU)?>+4¢>, where ¢ is the “tunneling matrix element,”
corresponding to half of the minimum energy splitting in Fig.
2(a). This element affects the phonon-assisted tunneling rate
in a twofold way. First, it determines the splitting of the
energy levels and its position with respect to the area of large
phonon spectral density. Second, it affects the degree of mix-
ing of the wave functions, thus directly changing the spectral
density. It should be noted, however, that the relaxation rate
cannot be fully characterized by this single parameter, since
the phonon spectral density depends on the actual geometry
of the system, and therefore the spatial separation between
the dots is itself of direct importance. In the two-electron
system, the situation is even more complicated, since the
energies and wave functions are affected by the interplay
between the single-particle “tunnel coupling” and the Cou-
lomb interaction between the electrons. This is manifested in
the increased resonance width and loss of symmetry in Fig.

I 0 ]

0 0.2 0.4 0.6 0.8 1
48 T T T T

9 10 11 12 13
AU (meV)

FIG. 8. (Color online) The difference between the average num-
bers of electrons in the left quantum dot in the two-electron singlet
states.
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(5) r (C) 4 F (d) ', N \~ 4
8 9 10 11 12 13 14 158 9 10 11 12 13 14 15
AU (meV) AU (meV)

FIG. 9. (a) Total phonon-assisted relaxation rate with two con-
tributions in a two-electron QDM for d=35 nm. (b) As in (a) but
for d=38 nm.

2(b). As a result, the relaxation rates are also asymmetric
with respect to AU [see Figs. 7(a) and 7(b)].

To have a better insight into particular phonon contribu-
tions, in Figs. 9(a) and 9(b) we present the total relaxation
rate along with the contributions from both the coupling
mechanisms for a two-electron QDM for d=35 nm and d
=38 nm, respectively. For relaxation rates of comparable
values, the dominant phonon coupling can be different. For
instance, for d=35 nm, the deformation potential coupling is
crucial and the piezoelectric effect is a few times smaller,
while for d=38 nm the situation is reverse.

IV. CONCLUSION

In the present paper, we have studied phonon-assisted re-
laxation and tunneling in a quantum dot molecule. Structures
doped with two electrons have been considered and com-
pared to the case of a single electron. By comparison of these
two systems, it was shown that the Coulomb interaction in-
fluences the tunneling rates and leads to energy renormaliza-
tion and shift of the range of efficient relaxation. We studied
in detail carrier-phonon interactions via both deformation po-
tential and piezoelectric coupling and showed the difference
in their behavior and impact on relaxation. We have shown
that the relaxation in the two-electron case is accompanied
by a charge transfer between the dots and, therefore, can be
regarded as a phonon-assisted tunneling process.

It should be noted that the values of phonon-assisted tun-
neling rates in a QDM system are comparable to relaxation
times in a single QD.?! Moreover, in comparison with the
spin coherence times being up to milliseconds,’® the phonon-
assisted relaxation times are up to several orders of magni-
tude faster. This shows that while designing the quantum
computer implementations on electron states in double quan-
tum dots, one has to take into account the coupling of the
carriers to the phonon degrees of freedom. Finally, it should
be noted that the calculations were performed for zero tem-
perature, which gives a lower bound for tunneling rates.
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APPENDIX: SINGLE-ELECTRON TUNNELING

In this appendix, the formalism for the tunneling in a
single-electron QDM system is presented. In this case, the
electron Hamiltonian [Eq. (1)] is reduced to a simpler form

ﬁZ
H, =

e E
2m*

V2+U(r),

and the electrons are described by a single-particle wave
function given by Eq. (6). We label the two lowest single-
electron states as |0) and |T).

The relevant part of the carrier-phonon interaction Hamil-

tonian describing electron transitions between the constituent
QDs is

Hip = [OXT| 2 F01(k)(byg + b)) + Hec.,
s,k

where the single-particle coupling constant for the deforma-
tion potential is

fk
IEAOERY mDe]:OI(k)’

with the form factors given by Eq. (13). The coupling ele-
ment for piezoelectric interactions reads

(A1)

o dpe

M (k) Fy k),
ek oos, 5(k) Foy (k)

FE () = i (A2)

where the functions M,(k) are given by Eq. (21).
The corresponding phonon spectral densities for a single
electron in a QDM are

Rlljep(w) = RODPw3|n(w) +1|

2m T
X f dqof sin 6 d6| Fo (o cos Oc))|
0 0

2
Xexp{— %sin2 O(I> cos® ¢ + h? sin® (p):|
¢

(A3)
and
2 ™
Riey(@) = Rgsoln(w) + 1|f dgof sin 0/ d0
0 0
X |M,(k(, 6))2| Fop (@ cos brc,)?
w2
Xexp| - Fsin2 O(I? cos® @+ h? sin® o) |,
(A4)

where

57'—01(/%)=fdx¢8(x)€ikxx¢1(x)~

The Fermi golden rule relaxation rate is then calculated
from Eq. (24), using the total spectral density including both
relaxation channels.
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